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IMPLEMENTATION OF COMBUSTION CHEMISTRY BY IN SITU
ADAPTIVE TABULATION OF RATE-CONTROLLED CONSTRAINED
EQUILIBRIUM MANIFOLDS
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A general methodology called in situ adaptive tabulation-rate-controlled constrained equilibrium (ISAT-
RCCE) is developed to treat detailed chemistry in turbulent combustion calculations. This method com-
bines dimension reduction and tabulation and can be implemented in a single computer program, which
is independent of the detailed mechanism and of the level of reduction selected. The dimension reduction
of a detailed mechanism is achieved by the RCCE approach, which is based on the maximum entropy
principle of thermodynamics; and the tabulation is performed in situ during the combustion calculations
and is made in the low-dimensional constraint subspace. This method is particularly attractive for very
large kinetic mechanisms (e.g., including thousands of species) because the constrained equilibrium state
depends on only a small number of constraints (or constraint potentials) which form the constraint sub-
space. Moreover, the unique and continuous maximum-entropy manifold determined by the RCCE as-
sumption is well suited to the ISAT algorithm—an efficient computational technique for the implemen-
tation of combustion chemistry. Test calculations are performed for non-premixed methane/air combustion
in a statistically homogeneous turbulent reactor, using a detailed kinetic mechanism with 31 species and
175 reactions. A direct approach of numerically integrating the full reaction equations (32-dimensional) is
performed and the result is taken as the exact solution. The ISAT-RCCE calculations based on 10- to 16-
dimensional constraint subspaces show good agreement with the accurate solution, and the accuracy of
the results from the 16-dimensional ISAT-RCCE calculation is comparable to that of a reference calculation
using ISAT and a 17-dimensional augmented reduced mechanism (derived from the same detailed mech-
anism). A speed-up factor of about 500 is obtained for the ISAT-RCCE calculation compared to the direct

integration approach, which demonstrates the high efficiency of the new method.

Introduction

Combustion chemistry is highly complex: a real-
istic description of even the simplest hydrocarbon
oxidation involves tens of species undergoing hun-
dreds of reactions, and the time scales vary over
many orders of magnitude. Unfortunately, despite
the rapid advances in computational power, for most
practical turbulent combustion phenomena, it re-
mains impracticable to make direct numerical sim-
ulations (or even model calculations) including such
detailed chemistry. This fact has provided the mo-
tivation in the past two decades for the development
of methodologies to reduce the computational cost
of solving the equations governing the complex
chemical system.

Among the available techniques, two of the most
frequently used in the literature are dimension re-
duction and storage/retrieval. From a geometric
point of view, dimension reduction methods repre-
sent the chemical kinetics on a low-dimensional
manifold in composition space. These manifolds are

identified via, for example, quasi-steady-state as-
sumptions (QSSA) [1,2], the maximum entropy prin-
ciple of thermodynamics (rate-controlled con-
strained equilibrium, RCCE) [3], or a dynamical
systems approach (ILDM) [4]. On the other hand,
storage/retrieval is aimed at the computationally ef-
ficient implementation of the chemical mechanisms
(full or reduced) in combustion calculations. There
are many methods that fall in this category, such as
the tabulation methods structured look-up table
(LUT) [5] and in situ adaptive tabulation (ISAT) [6].
Others include those that rely on orthogonal poly-
nomials (repromodeling [7], PRISM [8]), artificial
neural networks [9], and high-dimension model rep-
resentations (HDMR) [10].

The application of structured LUT is restricted to
systems of quite low dimension (e.g., n = 2 or 3),
because the table storage and retrieval work increase
exponentially with n. The ISAT scheme creates an
unstructured look-up table dynamically as the reac-
tive flow calculation is performed. For a given com-
bustion problem, with the chemistry described at
different levels (characterized by the dimension n),
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TABLE 1
Attributes of different dimension reduction methodologies

ILDM QSSA RCCE
Identification of fast directions Automatic/local Specified/global Specified/global
Uniqueness and continuity of manifold Not always Not always Guaranteed
Inertial manifold No No No
Second Law of thermodynamics P ? Satisfied
Ease of parametrization Difficult Simple Simple
Size of nonlinear equation system n — n, n — n, n,

both the storage and the retrieval work in ISAT in-
crease as n”. This feature enables ISAT to implement
moderate-size chemical mechanisms efficiently and
thus capture the combustion characteristics in more
detail. Successful applications of ISAT to realistic
turbulent combustion modeling have been reported
recently [11-13], where two augmented reduced
mechanisms [14] comprising about 20 species are
employed in the calculations. This approach is re-
ferred to as ISAT-QSSA.

In the ISAT-QSSA approach, the reduction
(QSSA) and tabulation (ISAT) are separate and are
implemented using separate computer programs.
Different QSSA schemes must be developed for dif-
ferent fuels and for different detailed mechanisms.
The objective of the present work is to develop a
general, combined reduction/tabulation methodol-
ogy. An example of the application of this type of
methodology is as follows: a detailed 100-species
mechanism is provided; the reactive flow calculation
is performed in terms of 10 reduced variables; and
the reduction/tabulation methodology determines
and tabulates (in situ) the necessary information
about the 10-dimensional reduced system based on
the 100-species detailed mechanism. This method-
ology can be implemented in a single computer pro-
gram, which is independent of the detailed mecha-
nism and of the level of reduction selected.

In this paper, we report the development of such
a combined methodology (ISAT-RCCE), in which
the reduction is based on the RCCE approach, and
the tabulation is performed by ISAT.

The three reduction methodologies—QSSA,
RCCE, and ILDM—each has advantages and dis-
advantages, which are summarized in Table 1.
ILDM has the advantage of automatically identify-
ing the fast directions locally in composition space.
However, as the basis of a generally applicable meth-
odology, the fact that the manifolds are not neces-
sarily continuous appears to be an insuperable prob-
lem. These discontinuities stem from the fact that,
although the Jacobian of the reaction rates varies
continuously in composition space, its invariant sub-
spaces do not. RCCE has several characteristics that
suit it well to a generally applicable methodology:

the maximum-entropy manifold is guaranteed to ex-
ist, to be unique, and to be continuous, and it is
readily parametrized (by the chosen constraint vari-
ables).

In each of the three reduction methods, given the
reduced description of the composition (in terms of
n, variables), the full composition (n variables) im-
plied by the method is determined by solving a set
of nonlinear equations. RCCE is distinguished by
the fact that the nonlinear system consists of just n,
equations, rather than n or n — n, in ILDM and
QSSA. This makes RCCE particularly attractive for
very large mechanisms (e.g., n = 1000 [15]).

The structure of the paper is as follows. The math-
ematical descriptions of ISAT and rate-controlled
constrained equilibrium are stated in the next two
sections. We then present the implementation of
ISAT-RCCE. The accuracy and efficiency of ISAT-
RCCE are then demonstrated by making compari-
sons with detailed kinetic calculations. This is done
for the test case of a nonpremixed pairwise mixing
stirred reactors using a detailed mechanism for
methane oxidation. Conclusions are drawn in the fi-
nal section.

Methodology

To simplify the notation, we consider a homoge-
neous reactive gaseous flow, although the new meth-
odology is generally applicable to other complex sit-
uations. The thermochemical state of the mixture is
completely determined by n, + 2 variables (where
ng denotes the number of species), namely, the spe-
cific mole numbers ¢, (moles of species i per kg of
mixture), the specific enthalpy H, and the system
pressure P. Thus, the state of the chemical system is
given as a point in an n(= n, + 2)-dimensional com-
position space Z. The evolution of the state vector
¢ = (¢, b, . .., b, P H)T in the space Z is
described by

¢ s(o[t]) (1)

where s is an n X 1 vector representing the rate of
change due to reaction.

deo/dt
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ISAT

For a given fixed time interval At, the reaction
mapping R() is defined to be the solution to equa-
tion 1 after time At from the initial condition ¢@. In
ISAT, information about R(¢) is stored at tabulation
points. At the mth point, the initial composition is
¢, the mapping is R = R((p('”)), and the map-
ping gradient is A™ = A(¢™), where

Aij((l)) = aRi(‘P)/a(ﬂj (2)

A linear approximation to R() for points @ close to
(m)

" is
R((l)) ~ ]’E‘{(m)(q)) = R(m) + A(m)((p _ (P(m)) (3)

The retrieval is based on the linear approximation
equation 3, given that the error involved is less than
a specified tolerance & If the linear approximation
is insufficiently accurate, then a table entry is added
at the point @ by directly integrating equation 1. A
complete description of ISAT can be found in Ref.
[6].

RCCE

The RCCE [3,16] method is based on the as-
sumption that the fast reactions (in a complex react-
ing system) cause the composition to relax to a par-
tial equilibrium state, subject to the constraints
imposed by slow reactions. Here (in addition to the
pressure P and enthalpy H), we take the n, con-
straints to be the specific moles of the n, elements
and of a specified set of (n, — n,) species and/or
their linear combinations. The system reaches com-
plete equilibrium by evolving on a low-dimensional
manifold of constrained equilibrium states. This n.-
dimensional constrained equilibrium manifold can
be determined by maximizing the entropy subject to
the values of the constraints. Thus, only the rate
equations of the slowly changing constraints need be
integrated, and the size of this ordinary differential
equation (ODE) system (n.) can be much smaller
than the number of species (). Moreover, the con-
strained equilibrium problem can be solved eco-
nomically using the concept of Lagrange multipliers
[3,16,17], where n,, constraint potentials (4, 4z, . . .,
Jme) (Lagrange multipliers conjugate to the con-
straints) uniquely determine all species compositions
in the constrained equilibrium state.

For given pressure P and enthalpy H, the con-
strained equilibrium state is represented by the vec-
tor of specific mole numbers & = (¢y, ¢, . .., )"
whose evolution can still be described by equation
1—replacing ¢ by d—but only has n. degrees of
freedom. The relationships among constraints c,
constraint potentials 4, and composition ¢ are re-
vealed in Refs. [3,17] and are presented here. The

n. constraints are
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¢ =Bydpi =1,.. ., n,j=1...,n (4)

where Bj; is the value of constraint i for the species
j. It is required that the constraints be linearly in-
dependent, so that the matrix B has full column
rank. The constrained equilibrium composition can
be expressed in terms of 4 as

¢ = Nexp (—=g(P, T) + Byl (5)

where

N =2 ¢ (6)

is the total specific numbers of mole of the mixture,
and g is the dimensionless standard Gibbs free en-
ergy of species j.

By differentiating equation 4 with respect to time
t, and combining with equation 1, we obtain the rate
equations for constraints:

Go=si, =10, (7)

where

si = B¢y = Bys; (8)

is a function of P, T, and ¢. The dynamics of the
chemical system can then be described by equation
7 in RCCE instead of equation 1.

Equivalently, the rate equations for the constraint
potentials were also derived in Ref. [3]. The method
which involves direct integration of the rate equa-
tions for the constraint potentials has been tested for
stoichiometric mixtures of hydrogen and air in an
adiabatic constant-volume chamber [16].

Implementation

We first decompose the n-dimensional (n = ny + 2)
composition space Z into two subspaces: the n,-di-
mensional constraint subspace X and its orthogonal
complement—the unrepresented subspace Y with
dimensionality n — n,. Thus, the constrained equi-
librium manifold can be parametrized in the sub-
space X, and the tabulation on this low-dimensional
subspace is straightforward. In general, the ISAT al-
gorithm can be applied to any differentiable map-
ping problem in the form of x - f(x), while in ISAT-
RCCE, x becomes the initial constraints vector ¢°,
and fis the reaction mapping Q(c") in the same sub-
space X. Rigorous definition of Q is given later.

Table Generation

Two basic processes are carried out in the ISAT-
RCCE algorithm: the table generation (additions
and growths, see Ref. [6]) and retrievals. The major
task in building up the unstructured table can be
defined as: given an initial point in the subspace X,
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